We derive efficient and accurate analytical pricing bounds and approximations for discrete arithmetic Asian options under time-changed Lévy processes. We extend the conditioning variable approach to derive the lower bound on the Asian option price and construct a sharp upper bound based on the lower bound. We also consider the general partially exact and bounded (PEB) approximations, which includes the lower bound and partially conditional moments matching approximation as special cases. The PEB approximations are known to lie between a sharp lower bound and an upper bound. Our numerical tests show that the PEB approximations to discrete arithmetic Asian option prices can produce highly accurate approximations when compared to other approximation methods. Our proposed approximation methods can be readily applied to pricing Asian options under most common types of underlying asset price processes, including the Heston stochastic volatility model that is nested in time-changed Lévy processes with leverage effect.
Introduction
Under the assumption of Geometric Brownian motion for the underlying asset process, it is known that there is no closed form solution for the discrete arithmetic Asian option since there is no explicit analytical expression available for the distribution of the arithmetic average (expressed as a sum of correlated lognormal random variables). However, there have been continual research efforts in the past two decades to explore effective analytical and numerical approaches for pricing an arithmetic Asian option. One common approach is the dimension reduction of the pricing model that reduces the governing two-dimensional partial differential equation to its degenerate one-dimensional form by including the path dependent variable into the state space (Rogers and Shi, 1995; Vecer, 2001 ). Geman and Yor (1993) use the Laplace transform to derive a closed form expression for a continuous arithmetic Asian option in the Laplace transform domain. Benhamou (2002) proposes the fast Fourier transform algorithm for discrete arithmetic Asian option, which is an enhanced version of the convolution algorithm of Carverhill and Clewlow (1990) that decomposes the arithmetic average into a product of independent random variables. Curran (1992 Curran ( , 1994 and Rogers and Shi (1995) manage to derive a lower bound by using the conditioning variable approach together with the application of Jensen's inequality. Rogers and Shi (1995) also derive an upper bound via an estimation of the error made based on the lower bound under continuous arithmetic averaging. The upper bound is later sharpened by Nielsen and Sandmann (2003) considerably. Simon et al. (2000) propose the comonotonic upper bound (CUB) using some results from risk theory on stop-loss order. Later, Vanmaele et al. (2006) improve on the CUB by the conditioning variable approach and also propose the partially exact CUB. Besides these conditioning variable approaches, there are various papers that explore different analytical approximations based on the method of matching moments. Levy (1992) finds the closed form analytical approximation by assuming a given form for the density of the arithmetic average. Turnbull and Wakeman (1991) approximate the density using an Edgeworth series expansion around a lognormal density based on the first four algebraic moments of the arithmetic average. Lord (2006) introduces the partially exact and bounded (PEB) approximations, which combine the conditioning approach and conditional moment matching approach. Common numerical methods for pricing Asian options include the Monte Carlo simulation, binomial trees method (Hull and White, 1993) and finite difference method (Andreasen, 1998) . A more comprehensive review of the literature on pricing arithmetic Asian options under the Black-Scholes model can be found in Lord (2006) .
When it comes to pricing Asian options under Lévy processes, the literature is relatively thin compared to that of the Black-Scholes model. Fusai and Meucci (2008) apply numerical quadrature in a recursive integration algorithm for computing the convolution of density functions over successive monitoring dates. The comonotonic upper bounds are developed by Albrecher et al. (2005) under Lévy models. Lemmens et al. (2010) derive bounds for discrete arithmetic Asian options under a general Lévy model based on the conditioning variable approach similar to the bounds under the Geometric Brownian motion (Rogers and Shi, 1995; Nielsen and Sandmann 2003) . Albrecher et al. (2008) give arbitrage-free model independent lower bounds for arithmetic Asian option prices. Since some of these derived bounds are supposed to hold across every arbitrage-free model, the accuracy levels are weaker than those approximations obtained by specifying a particular model.
Since Lévy processes cannot capture the following salient features of common stock price processes: stochastic volatility, stochastic risk reversal (skewness) and stochastic correlation, Carr and Wu (2004) propose time-changed Lévy processes that nest some popular stochastic volatility models. Since the time-changed Lévy processes are more complex and do not have the independent increments property, the corresponding pricing of Asian options poses high level of mathematical challenge. Umezawa and Yamazaki (2012) derive the multivariate characteristic functions of the intertemporal joint distribution of time-changed Lévy processes and use them to find semi-analytical pricing formula for geometric Asian options. Yamazaki (2013) prices continuous and discrete arithmetic Asian options by applying the Gram-Charlier expansion to find analytic approximation formulas based on the moments of the arithmetic average asset price under time-changed Lévy processes. This is regarded as the generalized Edgeworth expansion around the Gaussian distribution and it provides approximations of the density function of an arbitrary random variable. However, as the number of matching moments is increased, the Edgeworth approximation results may converge for a small number of terms of moment matching and then diverge at a high number of terms.
In this paper, we derive the lower bound of the discrete arithmetic Asian option price by the conditioning variable approach of Curran (1994) . The method of derivation is a generalization of the method used in Lemmens et al. (2010) extending from the Lévy model to time-changed Lévy processes, both methods are originated from Rogers and Shi (1995) . Next, we construct a sharp upper bound based on the lower bound by following a similar technique proposed by Nielsen and Sandmann (2003) . Finally, we consider the class of the partially exact and bounded (PEB) approximations similar to those introduced by Lord (2006) under the Black-Scholes framework. Unlike the traditional moment matching approaches, the PEB approximations are proven to lie between a sharp lower and an upper bound. Moreover, when the strike price converges to zero, all these pricing bounds and PEB approximations converge to the exact Asian option price. In this paper, the analytic approximation pricing formulas are derived using the explicit analytic forms of the multivariate characteristic functions of the intertemporal joint distribution of time-changed Lévy processes (Umezawa and Yamazaki, 2012) . Our numerical tests demonstrate high level of accuracy, efficiency and reliability of the PEB approximations when compared to other approximation methods in the literature.
The paper is organized as follows. Section 2 introduces some mathematical preliminaries on time-changed Lévy processes and the associated multivariate characteristic functions of the intertemporal joint distribution. In Section 3, we show how to decompose the price of the Asian option into two components based on the conditioning variable approach. The major component can be evaluated to give an exact analytical formula while the residual component is evaluated using analytic bounds and approximations. In Section 4, we derive the lower and upper pricing bounds of the discrete arithmetic Asian option. In Section 5, we propose the class of the partially exact and bounded approximations to approximate the residual component in the decomposition formula. Specifically, we adopt the method of the partially conditional moment matching in the deviation. Section 6 gives the explicit analytic form of the associated multivariate characteristic functions of the intertemporal joint distribution of time-changed Lévy processes. In Section 7, we present the numerical tests that were performed to assess accuracy and computational efficiency of various methods that produce bounds and approximations under different time-changed Lévy processes. Conclusive remarks are presented in the last section.
Preliminaries on time-changed Lévy processes
The literature on Lévy processes has been quite voluminous. A good review of various types of Lévy security return models can be found in Wu (2008) . Pricing models of financial derivatives based on Lévy processes have been highly popular in recent years since Lévy processes can generate different independent and identically (i.i.d) return innovation distributions. One can specify a Lévy process with the increments of the process matching any given distribution. To capture stochastic volatility, we can apply a stochastic time change to the Lévy process. We are also able to capture the correlation by letting the Lévy process be correlated with the activity rate which generates the corresponding time change. Pricing of options under time-changed Lévy processes enjoy nice analytical tractability.
Since the pioneering work of Clark (1973) that shows how a random time change can be interpreted as a cumulative measure of business activity, time-changed Lévy processes have already seen wide range of applications in option pricing theory. In particular, Carr and Wu (2004) provide a framework for option pricing under time-changed Lévy processes that encompasses almost all of the models proposed in the option pricing literature. There is also a growing literature on applying time-changed Lévy processes for pricing other types of path dependent options and variance products (Umezawa and Yamazaki, 2012; Itkin and Carr, 2010) .
Time-changed Lévy processes
Under an equivalent martingale measure Q, the Lévy-Khintchine theorem postulates that a general Lévy process X t has its characteristic function represented in the following analytic
where the triplet (µ, σ 2 , Π) characterizes the drift, the variance of the diffusion component, and the pure jump component of a Lévy process; and ψ X (ξ) is known as the Lévy characteristic exponent. We let T t be a non-negative, non-decreasing right-continuous process with left limits. For each fixed t, the random variable T t is a stopping time with respect to the filtration F t . The family of the stopping times T t define the corresponding random time change and the resulting process
is called a time-changed Lévy process and X t is referred as the base process. The two procedures for generating the Lévy process that captures any distribution and the time change that captures the stochastic volatility can be separated. There are different methods for choosing time changes that are appropriate for various types of financial security return models. The two most popular approaches are the subordinators and absolutely continuous time changes (Zeng and Kwok, 2013) . In this paper, we assume that the random time changes are given by the continuous time change of the form
where v t is the instantaneous (business) activity rate. The instantaneous activity rate process v t is allowed to have nonnegative jumps in order to guarantee the nondecreasing property of T t . We model the dynamics of the underlying log-asset return by a time-changed Lévy process of the following form
where r and q denote the constant riskless interest rate and dividend rate, respectively, and θ t is some process to be chosen in order that e X T t +θt is a martingale under Q. By the optional stopping theorem, e X T t +ψ X (−i)Tt is a Wald martingale. It follows that θ t = ψ X (−i)T t ; and we write
where Z t is related to S t by the following formula Umezawa and Yamazaki (2012) derive an explicit analytic form of the multivariate characteristic function of the intertemporal joint distribution of time-changed Lévy processes. We provide a brief summary of their main results that are found to be useful in this paper. Carr and Wu (2004) show that the characteristic function of a time-changed Lévy process can be calculated by changing measures
Multivariate characteristic function
where E Q and E (θ) denote the expectation under a risk neutral measure Q and a new complex-valued measure Q(θ), respectively. The measure Q(θ) is absolutely continuous with respect to the risk neutral measure Q and it is defined by
Here, M t (θ) is a complex-valued exponential martingale by virtue of the optimal stopping theorem. By changing the measure from Q to Q(θ), the correlation between X t and v t is hidden under the new complex measure Q(θ). Suppose the base Lévy process X t of a timechanged Lévy process X Tt is independent of its time change process T t , the characteristic function of the time changed Lévy process X Tt is the Laplace transform of T t evaluated at the characteristic exponent of X without changing measures
We consider the multivariate characteristic function of the intertemporal joint distribution
T is a parameter vector of the characteristic function on R N . The representation of the multivariate characteristic function of the intertemporal joint distribution can be obtained in the form of a recursive conditional expectation (Umezawa and Yamazaki, 2012) as follows.
Proposition 1 Let (I j ) 1≤j≤N be a backward relation such that 9) where I N = 1, and
The multivariate characteristic function of the intertemporal joint distribution of Z is given by
ϕ Z (Θ) = I 0 . (2.10)
Corollary 1 Suppose the base Lévy process X t of a time-changed Lévy process X Tt is independent of its time change process T t , then we have
ϕ Z (Θ) = E [ e − ∑ N j=1 λ j ∫ t j t j−1 vs ds ] . (2.11a)
Corollary 2 Suppose T t = t for all t ≥ 0, a time-changed Lévy process X Tt is reduced to a Lévy process X t , then we have
In Section 5, we show how to derive the various analytic forms of the multivariate characteristic function of the intertemporal joint distribution for some specific activity rate processes.
Decomposition of the arithmetic Asian option price via conditioning approach
Consider a European discrete arithmetic Asian call option on an underlying asset S t with N + 1 monitoring dates and fixed strike price K, its terminal payoff at maturity date T is given by
Here, we let the current time be t 0 = 0, and denote the set of monitoring times for Asian options by T = {t 0 , t 1 , · · · , t N }, where t N = T . Though the time intervals between successive monitoring times may not be uniform in general, without loss of generality, we assume a uniform monitoring interval ∆ to simplify the presentation. For uniform time intervals, we have t k = k∆, k = 0, 1, · · · , N . In terms of the arithmetic average
the risk neutral price of the discrete arithmetic Asian call option at the current time t = 0 is given by
where E Q denotes the expectation under some risk neutral measure Q. Later, we drop the subscript "Q" in the expectation operator E Q for brevity. Recall that S t = S 0 e (r−q)t+Zt and Z 0 = 0, the discrete arithmetic average of Z t is denoted bȳ
For notational convenience, we write S t k and Z t k as S k and Z k , respectively. We consider the decomposition of the Asian option value into two components via conditioning a random variable Λ (Curran, 1994) . It is desirable to choose the conditioning variable Λ such that there is a threshold value
Conditioning on Λ, the above property allows one to split the expectation for the Asian call option value into two components as follows
The optionality on
) to denote the above two expectation terms, respectively. If we choose a proper conditioning variable Λ, a significant percentage of the value of the Asian option can be evaluated exactly in closed form, so it is termed the "exact" component. The residual component has a small contribution to the Asian option value, which is then estimated via some analytic bounds or approximations technique. The details of the above procedures are presented in the subsequent sections. Without optionality in the payoff, the second component C 2 (T, K, Λ, λ(K)) can be evaluated analytically. Using the tower property, we have
The outer expectation over Λ can be expressed as
where f Λ (λ) is the density function of Λ. Mathematically, the density function admits an inverse Fourier transform representation
where ϕ Λ (ω 1 ) is the characteristic function of the conditioning variable Λ. With regard to the choice of the conditioning variable, the more information that the conditioning variable contains about A T , the smaller contribution of C 1 (T, K, Λ, λ(K)) to the Asian option price and smaller pricing error of the approximation is resulted. In the ideal scenario, the perfect correlation between A T and Λ would result in zero pricing error. A good choice for the conditioning variable is the geometric average since the geometric and arithmetic averages are strongly correlated. We write
and it leads to
Here, it is appropriate to chooseZ T as the conditioning variable for convenience. With
, j = 1, 2, · · · , N , and the corresponding threshold is given by
Interchanging the order of the conditional expectation and summation, the conditional expectation of the arithmetic average can be represented by
According to the definition for the conditional expectation, we have
where f (λ, z k ) is the joint probability density function for Λ and Z k . In terms of the joint characteristic function ϕ Λ,Z k (ω 1 , ω 2 ), we have the following inverse Fourier transform representation
, where the components ofΘ are given byθ j =
, where the components of Θ (2) are given by θ
for any j ̸ = k, and θ
we can obtain the conditional expectation for the arithmetic average as follows
The "exact" component for the Asian call option price becomes
Recall that the indicator function 1 {λ>λ(K)} can be represented in terms of an inverse Fourier transform. As a result, C 2 (T, K, Λ, λ(K)) can be simplified to become a Fourier integral (see Appendix A) as follows
(3.14)
Analytic pricing bounds on the residual component
In this section, we discuss various conditioning approaches that give analytic bounds on the residual component
Adding the bounds on C 1 to the "exact" component, we obtain the bounds for the arithmetic Asian call option under a time-changed Lévy process. We follow similar approaches that are developed by Lord (2006) for pricing arithmetic Asian options under the Black-Scholes framework.
Lower bound
By means of Jensen's inequality,
(4.1) By adding the "exact" component (3.5), we obtain the following lower bound for the discrete arithmetic Asian call option price
Recall that ≥ cx is the convex order relation, where
for every convex function f , provided the expectations exist. In general, Jensen's inequality gives
In convex order, the expectation of a random variable is always smaller than or equal to the random variable itself. Note that the arithmetic Asian call option payoff function f (x) = (x − K) + is convex. We write
Substituting the conditional expectation E[A T |Λ = λ] derived in the last section into the above integral, the lower bound becomes
(4.5) where f Λ (λ) is given by Eq. (3.7) . The key step is to determine the smallest value for λ above which
Numerical calculation for this function shows that there does exist λ that satisfies the above property. Denoting this critical value as λ * , the lower bound can be rewritten as
(4.7) We can evaluate the lower bound in a similar way as the "exact" component according to LB(Λ) = C 2 (T, K, Λ, λ * ) by numerically searching λ * that satisfies Ineq. (4.6). The procedure for finding the lower bound is summarized in Theorem 1.
Theorem 1
and λ * is obtained from Ineq. (4.6) .
Since this analytic lower bound for Asian option price has been very tight and can be evaluated at ease, it is not quite necessary to consider optimizing over the conditioning variable. Here, the threshold λ(K) serves as a technical tool for making the link between the "exact" component and the residual component, and does not appear in the final expression (4.8) for the lower bound. However, the upper bound and other approximations do depend on the threshold λ(K) (see later discussion).
Upper bound based on the lower bound
We follow a similar approach in the earlier works on the upper bound under the Geometric Brownian motion (Rogers and Shi, 1995; Nielsen and Sandmann, 2003) to derive an upper bound based on the lower bound. Firstly, according to Eq. (4.1), we can deduce an error bound to the residual component
(4.9)
Let the bound of the pricing error for the conditional variable approach be denoted by ϵ(Λ) and this derived ϵ(Λ) is seen to be model independent. By adding the "exact" component to the above inequality, we end up with the following inequality
Suppose we write U B(Λ) = LB(Λ) + ϵ(Λ), then U B(Λ) can be interpreted as an upper bound based on the lower bound. Note that the bound of the pricing error ϵ(Λ) depends on the strike price K though λ(K), and it increases with the strike price. To obtain better estimation on the upper bound, Λ and A T should be chosen alike as much as possible. For the ideal case that Λ and A T are perfectly correlated, the low bound and upper bounds are equal to the exact Asian option price since the bound of the pricing error ϵ(Λ) is equal to zero. We would like to derive an easily computable analytic expression for the bound of the pricing error ϵ(Λ).
According to the definition of conditional variance, we have
Similar to the result in Eq. (3.11), the above conditional expectations can be derived in a similar way. Assume l < k, the conditional expectations admit the following Fourier integral representation forms
(4.12)
, where the components of Θ (3) are given by θ
for any j ̸ = k and j ̸ = l, and θ
− i for j = k or j = l; and similarly,
, where the components of Θ (4) are given by θ
− 2i. Combining Eqs. (3.11), (4.11) and (4.12), the conditional variance can be written in terms of the joint characteristic functions as follows
Replacing the density function f Λ (λ) by the inverse Fourier transform (3.7) and changing the order of the summations and the integrations in the above equation, we have
where
Lastly, recall that
Combining the relevant relations, we obtain the following theorem. 
Theorem 2 The upper bound based on the lower bound can be expressed in the following form U B(Λ) = LB(Λ) + ϵ(Λ)
= LB(Λ) + e −rT S 0 2π(N + 1) ∫ λ(K) −∞ √ ∫ ∞ −∞ ∫ ∞ −∞ e −i(ω 1 +ω 2 )λ g(ω 1 , ω 2 ) dω 1 dω 2 dλ,(4.
Remark
When the strike price K approaches zero, and so λ(K) → −∞, the lower bound and upper bound converge to the exact Asian option price. Also, the bound of the pricing error increases with the strike price.
Partially exact and bounded approximations
The majority of analytic approximations of the arithmetic Asian option prices are based on moment matching by using an analytically tractable distribution to approximate the probability law of the arithmetic average. Lord (2006) proposes the class of partially exact and bounded (PEB) approximations for discrete arithmetic Asian options under the Geometric Brownian motion. We would like to extend the PEB approximations to pricing arithmetic Asian options under time-changed Lévy processes. The residual component that has to be approximated is given by
The idea is to approximate A T byÂ T that is analytically tractable in the residual component. We defineĈ
Applying the tower property, we havê
Theorem 3 If we impose the following two conditions on the approximation random variablê
A T E[Â T |Λ = λ] = E[A T |Λ = λ] Var[Â T |Λ = λ] ≤ Var[A T |Λ = λ] (5.2) for λ ∈ (−∞, λ
(K)), the approximationĈ A (T, K, Λ) lies between the lower bound LB(Λ) and the upper bound U B(Λ).
The proof of Theorem 3 is relegated to Appendix B. The above theorem provides a sufficient condition for the approximation that lies between LB(Λ) and U B(Λ). We refer to the class of approximations for which condition (5.2) holds as the class of PEB approximations. "Partially exact" refers to the fact that we have decomposed the option price into two components, where one of the components C 2 (T, K, Λ, λ(K)) is obtained exactly, and "bounded" means that the approximation lies between a lower and an upper bound. Note that LB(Λ) belongs to this class of approximations, which can be evaluated at ease and exhibits high accuracy.
We would like to consider the special elements in the class of PEB approximations that match the first two conditional moments exactly, where λ ∈ (−∞, λ(K)).
Conditional two moments matchinĝ
Here, H(Λ) is a non-negative random variable whose distribution has at least two parameters in order to match the first two moments as stated in Eq. (5.3). In this case, we havê
We need to calculate the conditional mean and variance of the arithmetic average to determine the corresponding parameters for H(λ) at all values of λ. Afterwards, we resort to numerical integration to evaluate the above integral. A natural choice is that we approximate the conditional arithmetic average by a lognormally distributed variable. The inner expectation in Eq. (5.4) can be calculated by applying the standard Black-Scholes formula, so the evaluation ofĈ 1 (T, K, Λ, λ(K)) is fairly straightforward. Instead of approximating A T |Λ, we adopt Curran's idea to consider the difference between A T |Λ and geometric average G T . We approximate the difference by a lognormally distributed variable, namely, the arithmetic average is approximated by a shifted lognormally distributed variable. Recall that G T = e T +λ , we construct the following two types of approximations.
(i) Curran 2M+ approximation
, m 2 (Λ) and m 3 (Λ) are parameters in order to match the moments, and W is a standard normal random variable. Compared to other PEB approximations, the Curran 2M + approximation maintains the attractive property thatÂ T ≥ G T . The Curran 3M + approximation sacrifices the natural restriction thatÂ T ≥ G T , but the conditional skewness is matched exactly. Since the extra computational effort required in the Curran 3M + approximation may become too excessive while the Curran 2M + approximation already yields satisfying results, we adopt the Curran 2M + approximation in our numerical tests. In this case, we havê
Note that we have a new strike priceK = K − g(λ) that is smaller than the original strike price. Based on the conditional two moments matching conditions as specified in Eqs. (5.3) and (5.5), we have the following constraints for the parameters µ(λ) and σ(λ)
Taking the logarithm of both sides of the above equations and eliminating µ(λ), the volatility term σ(λ) is given by
and
The conditional expectation and conditional variance of the arithmetic average are given by Eqs. (3.12) and (4.14), respectively. By assumingÂ T |Λ = λ − g(λ) to be a lognormal random variable, the inner expectation in Eq. (5.7) can be evaluated by a European call option price for which the standard BlackScholes formula applies. The results are summarized in the following theorem.
Theorem 4Ĉ
and C 2 (T, K, Λ, λ(K)) is given by Eq. (3.14) , where
Here, we obtain the representation for d 1 (λ) according to
and Eq. (5.8) .
The PEB approximations tend to the exact Asian option price when the strike price K approaches infinity. Furthermore, if K is equal to zero, the PEB approximations coincide with the exact Asian option price. Recall that the lower bound satisfies this property while the upper bound fails since the bound of the pricing error increases with the strike price K. Remarks 1. Suppose the lower bound is derived, it is only necessary to calculate the first two types of the following multivariate characteristic functions. For calculations of the upper bound or other PEB approximations, we have to calculate the following four types of multivariate characteristic functions.
2. We can compute the price of the Asian put option (5.12) 6 Specification analysis of the activity rate processes
In this section, we show how to derive the explicit representation of I 0 in Eq. (2.10) for some specific choices of the activity rate processes for the time change T t . One popular choice of the activity rate process is the affine process, which nests the well known CIR model. Firstly, we consider the absence of the leverage effect, where the base Lévy process is independent of the corresponding activity rate process of the time change. Next, we will demonstrate how to deal with the popular Heston stochastic volatility model, which can be nested in the class of time-changed Lévy processes with leverage effect. Finally, we give a brief discussion on pricing discrete arithmetic Asian options under Lévy processes.
Affine processes as the activity rate
Let U t be a d-dimensional Markov process which satisfies the following dynamics
where W t is a d-dimensional Brownian motion under Q. The drift vector µ(U t ) and diffusion covariance matrix σ(U t )σ(U t ) T should be affine in U t , where
Q(θ). According to Eq. (2.9), it is necessary to change measure at each time step when incorporating the correlation. Except that we have to deal with the correlation by changing measure at each time step, we manage to obtain the multivariate characteristic function of the joint distribution under the Heston stochastic volatility model by following a similar technique in Proposition 2. 
Proposition 3 Suppose the asset return follows the Heston stochastic volatility model as governed by Eqs. (6.7) and (6.8). The multivariate characteristic function of the intertemporal joint distribution of Z is given by
with boundary conditions:
. (6.14)
In Appendix C, we list the closed form solutions for the above complex-valued Riccati differential equations. In addition, if the activity rate v t of a time-changed Lévy process X Tt is also given by Eq. (6.8) and it is independent of the corresponding base Lévy process X t , by replacing ρ = 0 and
, we can derive the multivariate characteristic function of the intertemporal joint distribution of time-changed Lévy processes with zero correlation.
Lévy processes
Note that a general Lévy process is a simple time-changed Lévy process by choosing the constant activity rate v t = 1. The bounds and approximations derived earlier for pricing discrete arithmetic Asian options under time-changed Lévy processes are also applicable for Lévy processes. According to Eq. (2.11b), the closed form for the multivariate characteristic function of the intertemporal joint distribution of Lévy processes are displayed in Proposition 4.
Proposition 4 Suppose T t = t for all t ≥ 0, a time-changed Lévy process X Tt is reduced to a Lévy process X t . The multivariate characteristic function of the intertemporal joint distribution of Z is given by
ϕ Z (Θ) = e − ∑ N j=1 [ψ X ( ∑ N k=j θ k )−i( ∑ N k=j θ k )ψ X (−i)]∆ . (6.15)
Symmetry relation between Asian option price functions under Lévy processes
Since we have a symmetry relationship between floating strike and fixed strike Asian options for asset return driven by a general Lévy process (Eberlein and Papapantoleon, 2005) , we can take advantage of this symmetry relationship to price floating strike Asian options under the Lévy model. We introduce the following notation for the floating strike Asian call option
where ϱ is a positive parameter. Here, the log-asset price is modeled as a Lévy process L t with Lévy triplet (µ, σ 2 , Π). More precisely, we have
For the fixed strike Asian put option, we have
The symmetry relationship between the floating strike and fixed strike Asian options leads to (6.16) where
Numerical tests on accuracy of various approximations
In this section, we would like to demonstrate the performance of the various types of approximation formulas for discrete arithmetic Asian call options under the Heston stochastic volatility model, NIG-CIR model and Kou's model. Here, NIG-CIR denotes the timechanged Lévy process with the Normal Inverse Gaussian process as the base Lévy process and the CIR process as an activity rate process of the time change. The parameter values in the time-changed Lévy models are chosen from earlier papers in order to perform direct comparison with other methods in the literature.
Time-changed Lévy processes
The characteristic exponent of the Normal Inverse Gaussian process (NIG) is given by
The CIR process given by Eq. (6.8) is chosen to be an activity rate for the time-changed Lévy process. In order to perform direct comparison with the Gram-Charlier expansion proposed by Yamazaki (2013) , we consider an alternative definition of the arithmetic average
In our calculations, we take S 0 = 100, T = 1, N = 10, r = 0.01, and q = 0.02 in the arithmetic Asian call option. The parameter values for the time-changed Lévy processes are listed in It is shown in Yamazaki (2013) that approximating the infinite series with lower order using the Gram-Charlier expansion might not be sufficient to obtain accurate values in practice due to higher kurtosis generated by stochastic time change and jumps. However, his method can achieve sufficiently accurate prices of Asian call options by approximating the infinite series with the first seven terms. In this scenario, we compare our numerical results with those obtained by the Gram-Charlier expansion method. The numerical option values obtained from the Monte Carlo simulation with 500 time steps and 10 million sample paths are used as benchmark. Tables 2 and 3 list The PEB approximations (Curran 2M+ approximation) perform very well and they are more accurate than the Gram-Charlier expansion method. It only took a few seconds to evaluate the lower bound with good accuracy. For example, it took 8.36 seconds to achieve 2.4102 for the lower bound when the strike equals 100 under the NIG-CIR model in our Matlab calculations. It requires less computational time when we choose to loosen accuracy requirement for the lower bound. The PEB approximations lie between the sharp lower bound and an upper bound, which is consistent with theoretical analysis. The upper bound took longer computational time to be evaluated and it is less accurate than the lower bound. The difference between the upper bound and lower bound is an increasing function of the strike price K. For both at-the-money and in-the-money options, the upper bound results are fairly accurate for the discrete arithmetic Asian option. However, the results for out-ofthe-money options are slightly inferior. Moreover, when the Asian option is sufficiently deep in-the-money, both the lower bound and upper bound converge to the exact Asian option price. Albrecher et al. (2008) give model independent lower bounds for discrete arithmetic Asian option prices. Instead of conditioning the geometric average variable, they choose S t as the conditioning variable to achieve a robust bound without specifying a model. They derive the corresponding lower bounds LB (1) t and LB (2) t based on the following assumptions on stop-loss orders
respectively, where j(t) = min {i : t i ≥ t} for any 0 ≤ t ≤ T and ≥ sl denotes the stop-loss order of two random variables. Recall that,
so stop-loss order is weaker than convex order. Albrecher et al. (2008) computed the bounds for discrete arithmetic Asian option prices under the Heston stochastic volatility model using the following parameters σ = 0.1995, a = 1.5768, η = 2.8827, ρ = −0.5711, and v 0 = 0.4397. Table 4 : Comparison of various lower bounds of the discrete arithmetic Asian option prices under the Heston stochastic volatility model with r = 0.03, q = 0, S 0 = 100, T = 10 and monthly averaging. The benchmark results are obtained using the Monte Carlo method with 10 6 simulation paths. Albrecher et al. (2008) comment that the numerical experiments give strong indications that both of the assumptions are satisfied for this parameter set. However, these assumptions may fail for other parameter values under the Heston stochastic volatility model or some timechanged Lévy processes. Our lower bound results outperform their lower bounds, indicating that the geometric average is a better conditioning variable compared to S t for any 0 ≤ t ≤ T .
Lévy processes
The characteristic exponent of Kou's model is given by
where σ is the volatility for the diffusion part, λ is the jump intensity for the Poisson process, p and 1 − p are the respective probability of up-jump and down-jump, η 1 and η 2 are the respective up and down jump sizes for the exponential distribution. The parameter values for the discrete arithmetic Asian call options used in our sample calculation are listed in Table 5 , and the parameter values in Kou's model are taken from the same set of parameter values obtained in Schoutens (2003) according to their calibration to the S&P 500 option prices. Fusai and Meucci (2008) adopt the numerical quadrature (NQ) for a recursive convolution algorithm to price discrete arithmetic Asian options under Lévy processes. However, the convolution algorithm fails under a time-changed Lévy process. The comonotonic upper bounds are developed by Albrecher et al. (2005) under the Lévy model. When the timechanged Lévy process is reduced to a Lévy process by choosing a special activity rate, our bounds are the same as those obtained by Lemmens et al. (2010) . Therefore, we show their bounds as a special case for the bounds derived under the general time-changed Lévy processes. In Table 6 , we show the comparison of the PEB approximation prices with those obtained by other approximation methods in the literature. The PEB approximations and the numerical quadrature method are the two best performers in terms of accuracy. However, our PEB method is applicable to a wider class of asset price processes when compared to the numerical quadrature methods. Table 6 : Approximation values of the discrete arithmetic Asian option under Kou's model. The lower bound (LB), upper bound (UB) and PEB approximation (Curran 2M+ approximation) are compared with the numerical quadrature (NQ), comonotonic upper bound (UBC) and Monte Carlo results presented in Fusai and Meucci (2008) . EL is the pricing error when the lower bound is used as an approximation and EP is the pricing error for the PEB approximation (Curran 2M+ approximation).
Conclusion
We derive analytical lower and upper bounds for pricing discrete arithmetic Asian options under time-changed Lévy processes. We also present the class of partially exact and bounded (PEB) approximations, which can produce highly accurate approximations and lie between a sharp lower bound and an upper bound. Indeed, the lower bound obtained by conditioning approach can be considered as an element of this class of approximations. Thanks to the work by Umezawa and Yamazaki (2012) on the explicit analytic forms of the multivariate characteristic function of the intertemporal joint distribution of time-changed Lévy processes, we extend the previous work for pricing bounds (Lemmens et al., 2010) in the Lévy setting to the general time-changed Lévy processes. The class of the PEB approximations as introduced by Lord (2006) under the Geometric Brownian motion for the underlying price process have been generalized to time-changed Lévy processes. Our PEB approximations are more widely applicable to asset price processes for pricing discrete arithmetic Asian option than other approximation methods proposed in the existing literature. Numerical tests demonstrate that the class of PEB approximations can achieve accurate, efficient and reliable approximations of discrete arithmetic Asian options under the Heston stochastic volatility model, NIG-CIR model, and Kou's model. The PEB approximations converge to the exact Asian option price when the strike price approaches to zero or infinity. For other methods of computing pricing bounds of discrete arithmetic Asian options, we observe that the upper bound is less accurate and efficient than the lower bound, though the upper bound is significantly more accurate than the comonotonic upper bound.
